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Parent-bilinear Sea-boson Correspondence with Spin
Girish S. Setlur and Yia-Chung Chang
Department of Physics and Materials Research Laboratory,
University of Illinois at Urbana-Champaign , Urbana Il 61801
This is a sort of tutorial where we present many of the tedious details involved in deriving
the correspondence between the number conserving product of two fermi/bose fields with
spin and the corresponding sea/condensate displacements also with spin. This time we
include finite temperature effects differently by coupling the sea-bosons to an inhomogeneous
chemical potential. It is shown that many of the salient features of the free theory are
reproduced properly by this approach. An attempt is made to be as detailed as possible, this
includes providing formulas for the sea-bosons as well as computing the finite temperature
Fermi correlators.
I. PARENT BILINEAR SEA-BOSON CORRESPONDENCE
Without further ado(for more details the reader is refered to Ref.( 1))let us write down the correspondence,
For Fermi systems :
[ak,σ(q, ρ), ak′ ,σ′ (q
′
, ρ
′
)] = 0 (1)
and,
[ak,σ(q, ρ), a
†
k
′ ,σ′
(q
′
, ρ
′
)] = δk,k′ δq,q′ δσ,σ′ δρ,ρ′ (2)
When q 6= 0,
c†
k+q/2,σck−q/2,σ′ = Λk,σ(q, σ
′
)ak,σ(−q, σ
′
) + a†
k,σ′
(q, σ)Λk,σ′ (−q, σ)
+
√
1− n¯k+q/2σ
√
1− n¯k−q/2σ′
∑
q1σ1
a†
k+q/2−q1/2σ1
(q1σ)ak−q1/2σ1(q1 − qσ
′
)
−√n¯k+q/2σ
√
n¯k−q/2σ′
∑
q1σ1
a†
k−q/2+q1/2σ
′ (q1σ1)ak+q1/2σ(q1 − qσ1) (3)
here,
Λk,σ(q, σ
′
) =
√
n¯k+q/2,σ(1− n¯k−q/2,σ′ ) (4)
Further,
c†k,σck,σ = nk,σ = nβ(k)
N
〈N〉 +
∑
q,σ1
a†
k−q/2,σ1
(q, σ)ak−q/2,σ1 (q, σ)
−
∑
q,σ1
a†
k+q/2,σ(q, σ1)ak+q/2,σ(q, σ1) (5)
We seldom have the need to deal with the object c†kσckσ′ when σ 6= σ
′
, therefore we shall not write down a
formula for this in terms of the sea-bosons. Here,
1
nβ(k) =
1
exp(β(ǫk − µ)) + 1 (6)
and,
∑
k,σ
nβ(k) = 〈N〉 (7)
And the definition of the sea-boson is,
akσ(qσ
′
) =
1√
nk−q/2σ
c†
k−q/2σ(
nβ(k− q/2)
〈N〉 )
1
2 ei θ(k,q;σ,σ
′
)ck+q/2σ′ (8)
In order to prove this we have to verify the following facts.
(a) The definition of the sea-boson in Eq.( 8) when plugged into the formula for the number operator
in Eq.( 5) gives an identity.
(b) The dynamical four-point and six-point functions are recovered correctly.
(c) The commutation rule between the number operator and the RPA form of the off-diagonal fermi bi-
linear is correctly reproduced.
(d) The commutation rule between two off-diagonal fermi bilinears is reproduced in the RPA sense.
Let us verify assertion (a).
∑
qσ1
a†
k−q/2σ1
(qσ)ak−q/2σ1 (qσ) =
∑
qσ1
nβ(k− q)nkσ
〈N〉 = nkσ
∑
qσ1
a†
k+q/2σ(qσ1)ak+q/2σ(qσ1) =
∑
qσ1
nβ(k)nk−qσ1
〈N〉 = n
β(k)
N
〈N〉
and thus Eq.( 5) follows. As far as assertion (b) is concerned, let us first check to see if the time-evolved
versions of the off-diagonal fermi-bilinear is right. The kinetic energy operator is,
K =
∑
k,q,σ,σ1
(
k.q
m
)a†
kσ(qσ1)akσ(qσ1) (9)
From this it is easy to see that the time-evolved version is
c†
k+q/2σck−q/2σ′ (t) = c
†
k+q/2σck−q/2σ′ (t = 0)e
it( k.q
m
)
The four-point function is given by,
〈c†
ka+qa/2σa
cka−qa/2σ′ac
†
kb+qb/2σb
c
kb−qb/2σ
′
b
〉
= nka+qa/2σa(1 − nka−qa/2σ′a)δka+qa/2,kb−qb/2δσa,σ′bδka−qa/2,kb+qb/2δσ′a,σb
= Λ2kaσa(qaσ
′
a)δka,kbδqa,qbδσa,σ′b
δσ′
a
,σb
In order to verify the six-point function, we proceed as follows. From elementary considerations it is clear
that,
2
〈c†
ka+qa/2σa
cka−qa/2σ′ac
†
kb+qb/2σb
c
kb−qb/2σ
′
b
c†
kc+qc/2σc
ckc−qc/2σ′c〉
= δka+qa/2,kc−qc/2δσa,σ′cδka−qa/2,kb+qb/2δσ
′
a
,σb
δkb−qb/2,kc+qc/2δσ′
b
,σc
×nka+qa/2σa(1 − nka−qa/2σ′a)(1 − nkb−qb/2σ′b)
− δka+qa/2,kb−qb/2δσa,σ′bδka−qa/2,kc+qc/2δσ′a,σcδkb+qb/2,kc−qc/2δσb,σ′cnka+qa/2σankb+qb/2σb(1− nka−qa/2σ′a)
(10)
In the sea-boson language the same quantity is,
〈Λkaσa(qaσ
′
a)akaσa(−qaσ
′
a)
√
1− nkb+qb/2σb
√
1− n
kb−qb/2σ
′
b
×
∑
q1σ1
a†
kb+qb/2−q1/2σ1
(q1σb)akb−q1/2σ1(q1 − qbσ
′
b)Λkcσ′c(−qcσc)a
†
kcσ
′
c
(qcσc)〉
= Λkaσa(qaσ
′
a)
√
1− nkb+qb/2σb
√
1− n
kb−qb/2σ
′
b
Λkcσ′c(−qcσc)δka=kb+qb/2+qa/2
δσa,σ′cδσb,σ
′
a
δkc=kb+qa/2δqa+qb+qc,0δσc,σ′
b
= nka+qa/2σa(1 − nkb+qb/2σb)(1 − nkb−qb/2σ′b)
× δσa,σ′cδσc,σ′bδσb,σ′aδka−qa/2,kb+qb/2δkb−qb/2,kc+qc/2δka+qa/2,kc−qc/2 (11)
−〈Λkaσa(qaσ
′
a)akaσa(−qaσ
′
a)
√
nkb+qb/2σb
√
n
kb−qb/2σ
′
b
×
∑
q1σ1
a†
kb−qb/2+q1/2σ
′
b
(q1σ1)akb+q1/2σb(q1 − qbσ1)Λkcσ′c(−qcσc)a
†
kcσ
′
c
(qcσc)〉
= −Λkaσa(qaσ
′
a)
√
nkb+qb/2σb
√
n
kb−qb/2σ
′
b
Λkcσ′c(−qcσc)
×δka,kb−qb/2−qa/2δσa,σ′bδσ′a,σcδσ′c,σbδkb−qa/2,kcδqa+qb+qc,0
= −nkb+qb/2σbnkb−qb/2σ′b(1 − nka−qa/2σ′a)δka,kb−qb/2−qa/2δσa,σ′bδσ′a,σcδσ′c,σbδkb−qa/2,kcδqa+qb+qc,0 (12)
The sum of Eq.( 11) and Eq.( 12) is the same as Eq.( 10). Therefore all is well as regards assertion (b). As
far as (c) is concerned, we merely compute the commutator:
[c†
k+q/2σck−q/2σ′ , npλ] = [(Λkσ(qσ
′
)akσ(−qσ
′
) + a†
kσ′
(qσ)Λkσ′ (−qσ)),
∑
q1σ1
a†
p−q1/2σ1
(q1λ)ap−q1/2σ1(q1λ)]
−[(Λkσ(qσ
′
)akσ(−qσ
′
) + a†
kσ′
(qσ)Λkσ′ (−qσ)),
∑
q1σ1
a†
p+q1/2λ
(q1σ1)ap+q1/2λ(q1σ1)]
3
= Λkσ(qσ
′
)δk,p+q/2δλ,σ′akσ(−qσ
′
)− Λkσ′ (−qσ)δk,p−q/2δλ,σa†kσ′ (qσ)
−Λkσ(qσ
′
)δk,p−q/2δλ,σakσ(−qσ
′
) + Λkσ′ (−qσ)δk,p+q/2δλ,σ′ a†kσ′ (qσ)
= δk,p+q/2δλ,σ′ c
†
k+q/2σck−q/2σ′ − δk,p−q/2δλ,σc†k+q/2σck−q/2σ′
which is as it should be. The commutation rule between the off-diagonal fermi bilinears is given by,
[c†
k+q/2σck−q/2ρ, c
†
k
′+q′/2σ′
ck′−q′/2ρ′ ] = [(Λkσ(qρ)akσ(−qρ) + Λkρ(−qσ)a†kρ(qσ)),
(Λk′σ′ (q
′
ρ
′
)ak′σ′ (−q
′
ρ
′
) + Λk′ρ′ (−q
′
σ
′
)a†
k
′ρ′
(q
′
σ
′
))]
= (n¯k+q/2σ − n¯k−q/2ρ)δk,k′ δσ,ρ′ δ−q,q′ δρ,σ′ (13)
which is true only in the RPA-sense.
A. Finite Temperature Aspects
In order to ensure that the proper finite temperature correlators are reproduced, it seems that we have to
couple the sea-bosons to an inhomogeneous chemical potential. It will be shown that this prescription does
the job it is required to do, namely it reproduces four-point and six point functions at finite temperature
even when the sea-bosons are allowed to participate in the thermodynamic averaging. To do this we examine
the object,
〈a†kσ(qσ
′
)akσ(qσ
′
)〉 = n
β(k+ q/2)nβ(k− q/2)
〈N〉 (14)
and in the sea-boson language it is,
〈a†kσ(qσ
′
)akσ(qσ
′
)〉 = 1
exp(β(k.qm − µ(k,q))) − 1
(15)
therefore,
µ(k,q) =
k.q
m
− (kBT )Log(1 + 〈N〉
nβ(k+ q/2)nβ(k− q/2)) (16)
The four-point and the six-point functions may be evaluated correctly even though this time (as opposed to
last time as in Ref( 1)) the sea-bosons do participate in the thermodynamic averaging. In order to see this
let us compute the four-point function,
〈c†
k1+q1/2σ1
c
k1−q1/2σ
′
1
c†
k2−q2/2σ
′
2
ck2+q2/2σ2〉
= Λk1σ1(q1σ
′
1)Λk2σ2(q2σ
′
2)〈ak1σ1(−q1σ
′
1)a
†
k2σ2
(−q2σ
′
2)〉
+Λ
k2σ
′
2
(−q2σ2)Λk2σ′2(−q2σ2)〈a
†
k1σ
′
1
(q1σ1)ak2σ′2
(q2σ2)〉
= Λ2k1σ1(q1σ
′
1)δk1,k2δq1,q2δσ1,σ2δσ′
1
,σ
′
2
+O(
1
〈N〉 ) (17)
4
Since the expectation value
〈ak1σ1(−q1σ
′
1)a
†
k2σ2
(−q2σ
′
2)〉 = δk1,k2δσ1,σ2δq1,q2δσ′
1
,σ
′
2
(1 +O(
1
〈N〉 )) (18)
and,
〈a†
k1σ
′
1
(q1σ1)ak2σ′2
(q2σ2)〉 = δk1,k2δσ1,σ2δq1,q2δσ′
1
,σ
′
2
O(
1
〈N〉 ) (19)
and therefore all is well as regards thermodynamic expectation values. (We assume here that we are dealing
with a large system and 〈N〉 is large enough)
5
For Bose Systems :
The definition of the condensate boson is as follows ( q 6= 0 ),
dσ(qσ
′
) =
1√
N0σ
b†0σbqσ′ (20)
however,
dσ(0σ
′
) = 0 (21)
[dσ(qρ), dσ′ (q
′
ρ
′
)] = 0 (22)
[dσ(qρ), d
†
σ′
(q
′
ρ
′
)] = ei(X0σ−X0σ′ )δq,q′ δρ,ρ′ (23)
where [X0σ, N0σ′ ] = iδσ,σ′ however, we shall be lax in most cases and replace N0σ′ by 〈N0σ′ 〉, in this case
we have to assume that X0σ is actually infinite in order that it is the canonical conjugate of the c-number
〈N0σ〉. In this case the condensate bosons are indeed exact bosons obeying,
[dσ(qρ), d
†
σ′
(q
′
ρ
′
)] = δσ,σ′ δq′ ,qδρ,ρ′ (24)
when q 6= 0,
b†
k+q/2σbk−q/2σ′ =
√
N0σdσ(−qσ
′
)δk+q/2,0 + d
†
σ′
(qσ)
√
N0σ′ δk−q/2,0
+ d†σ1(k+ q/2σ)dσ1(k− q/2σ
′
) (25)
where σ1 is anything.
b†kσbkσ = N0σδk,0 + d
†
σ(kσ)dσ(kσ) (26)
and,
N0σ = Nσ −
∑
q 6=0
d†σ(qσ)dσ(qσ) (27)
The above correspondence reproduces the salient features of the free theory such as,
(a) The definition of the condensate boson in Eq.( 20) when plugged into the Eq.( 25) and Eq.( 26) give
identities.
(b) The dynamical four-point and six-point functions of the free theory are reproduced properly.
(c) The condensate boson satisfies canonical Bose commutation rules and this fact is transparent(almost!)
unlike in the Fermi case.
Assertion (a) is obvious and we have already demonstrated (c), now we move on to (b). In order to verify
(b), we have to compute the finite temperature four-point and six-point functions (q1 6= 0q2 6= 0),
〈b†
k1+q1/2σ1
b
k1−q1/2σ
′
1
b†
k2−q2/2σ
′
2
bk2+q2/2σ2〉
= δk1+q1/2,0δk2+q2/2,0
√
〈N0σ1〉
√
〈N0σ2〉〈dσ1 (−q1σ
′
1)d
†
σ2 (−q2σ
′
2)〉
+
√
〈N
0σ
′
1
〉
√
〈N
0σ
′
2
〉δk1−q1/2,0δk2−q2/2,0〈d†σ′
1
(q1σ1)dσ′
2
(q2σ2)〉 (28)
Also,
6
〈d†
σ
′
1
(q1σ1)dσ′
2
(q2σ2)〉 = e
i(X
0σ
′
2
−X
0σ
′
1
)〈b†q1σ1bq2σ2〉 = 0 (29)
〈dσ1 (−q1σ
′
1)d
†
σ2 (−q2σ
′
2)〉 = ei(X0σ1−X0σ2 )〈b−q1σ′1b
†
−q2σ
′
2
〉 = δσ1,σ2δq1,q2δσ′
1
,σ
′
2
(30)
Therefore we have,
〈b†
k1+q1/2σ1
b
k1−q1/2σ
′
1
b†
k2−q2/2σ
′
2
bk2+q2/2σ2〉 = 〈N0σ1〉δq1,q2δk1,k2δσ1,σ2δσ′
1
,σ
′
2
(31)
as it should be. The six-point function follows similarly. Thus we have verified all the facts concerning the
correspondence with spin.
1 G.S. Setlur and Y.C. Chang, Phys. Rev. B15, June 15, vol 57, no. 24, 15 144(1998)
7
